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circular orifice at relatively low p./p: (Fig. 2) indicate a value
for Cp of about 0.87. The measurements by Perry,® at a
somewhat higher p./p:, indicate a slightly lower value for C'p.
The predictions shown!417 agree reasonably well with the
measurements.

It appears that the measured values of Cp for choked noz-
zles with comparatively small r./r:, and relatively large o
operated at relatively low p./p. as they usually are, tend
toward the sharp-edged orifice value as indicated in Fig. 2 by
the curve faired through the data. However in the limiting
case r./r., — 0, the measurements by Thornock?!® indicate a
dependence of Cp on ¢, with smaller ¢’s leading to higher
Cp’s (Fig. 2). This trend is in agreement with earlier mea-
surements of Ref. 19 at larger p./p. and predictions,” and
does imply a dependence of Cp on o for nozzles with very small
ro/rw. For this situation, C'p might be estimated from the
dashed curves in Fig. 2 for the ¢’s indicated. Little informa-
tion is available on Cp for nozzles with relatively small o and
small r./ri. It would appear that values of Cp for such
nozzles would be higher.

Concluding Remarks

For supersonic nozzles with ratios of throat radius of curva-
ture to throat radius between 0 and 2.0, tested at relatively
high Reynolds numbers, the reduction in mass flow rate be-
low the ideal one-dimensional flow value was caused primarily
by the throat configuration rather than by boundary-layer
effects. From the collection of data for air flows, the flow
coefficient can be estimated (essentially the inviscid flow
coefficient, Cp;,,) from the curves representing the data
(Fig. 2). Consequently, information is available on how
much the throat might be enlarged to accommodate the
otherwise reduced mass flow rate or how much the chamber
pressure might be increased. At lower Reynolds numbers
where viscous (boundary-layer) effects become important,
the actual flow coeflicient might be calculated from the follow-
ing relation that was derived in Ref. 1 by considering axisym-
metric flow in the throat planef

Co = Coiy — 2[(pWine/ (pw) *1@*/rn) [1 — (8*/2ru)]

where (pu]inv is the average value of the mass flux across the
displacement thickness. To a first approximation, (ou)iny
might be evaluated at the wall for an inviscid flow.
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Nonlinear Proportional Navigation
and the Minimum Time-to-Turn

A. G. Rawring*
General Electric Company, King of Prussia, Pa.

Nomenclature

A = azimuth angle of the velocity vector

B, ... ,E = coefficient functions in the quartic Eq. (23)

g = acceleration due to gravity

k = Ny, missile lateral acceleration (¥ is a signed
number)

LOS = line of sight between missile and target

R = missile-target separation range along the LOS

t, T = time and its reciprocal (T = ¢~1), respectively

14 = flight speed

z,y = inertially-fixed Cartesian coordinate axes in the
plane

a,B,7,€ = coefficients in the biquadratic Eq. (29)

A, = function differences in Eqs. (11-12, 18-21)

AHE = missile heading error at { = 0

4 = LOS angle measured from the z-axis (Fig. 1)

square of reciprocal time 7 in Bq. (33), (r = T* =

)
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Subscripts
M,T = missile and target, respectively
t = minimum time-to-turn until ¢ = 0
0 = conditions at time ¢ = 0 at the beginning of
terminal maneuver
Introduction

SIMULATION and postflight analyses indicate that a
homing missile ostensibly guided by proportional navi-
gation (PN) generates a two-part flight path. The missile
first pulls a nearly circular turn until the LOS angular rate
do/dt = ¢ — 0. Thereafter it flies straight, maintaining a
constant bearing with the nonaccelerating target until inter-

ception (Fig. 1). The minimum time-to-turn ¢, for the first

phase is usually obtained through various computer programs.

This Note develops a quadratic equation whose larger
positive root closely approximates {7, obviating the need
for computer solution (either by simulation or calculation) of
the nonlinear kinematic differential equations.

Tactical Situation and Terminal Guidance

Point mass missile and target move in the (z,5) plane at
constant speeds Vi and Vr, respectively, with R(¢) the dis-
tance between them. The target’s rectilinear path, the
missile Var vector and the LOS make the angles A (fixed),
Au(l) and o(t), respectively, with the z axis. During homing,
PN guidance generates lateral steering commands VyAum
by requiring A to be proportional to ¢. The missile turns
to drive ¢(t) — 0 in order to reduce the heading error in-
herited from the externally-guided midcourse phase.

Linearized analytic PN homing theory! predicts ¢ — 0 as
R(t) - 0. However, the implied missile flight-path behavior
has not been verified in practice or simulation. The dis-
crepancy is attributable to nonlinearities, time lags and other
imperfections in the hardware (real or simulated) but omitted
from the theory. The large initial ¢ saturates the guidance
system, and time lags delay immediate response to subse-
quent smaller signals. Consequently ¢ — 0 before R(t) does.

This dual nonlinear/linear mode, originally unintentional,
forms the basis of one nonlinear PN guidance scheme,? in
which only the algebraic sign of ¢(f) is used to command
full lateral acceleration until ¢ =2 0.

Minimum Time-to-Turn

The missile possesses lateral maneuver capability Ng, so
that the turning rate is

Ay = Ng/Vu=k 1

and the heading angle is
Au(t) = Amo + kt 2)
The missile velocity components are
tu(t) = VucAu(t) yu(®) = Vusdu(?) (3)

where ¢ = cosine and s == sine henceforth. The position
coordinates, measured from the axes origin are

ou(®) = Var fo " eAu(wdu = [(Aaro + kt) — SAuo]Var/k
4

yu() = Var fo " sAndu = [—c(duo + kt) + cAwuo)Var/k
(5

The corresponding target position and velocity components
are

zr(t) = gy + tVrcAr
Iy = VTCAT

yr(®) = yr, + tVrsAyp (6)
Yr = VisAr (7)
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Fig. 1 Homing tactical situation.

where the target’s initial position (Fig. 1) is

27, = Rocoo yr, = Rosoo ®)
Using the basic definition of the LOS angle o(?),
tane(t) = Ay/Az (9)
we obtain
() = (ArAy — AyAz)/R? (10)
where

It

Az = z2(t) — zu(t) Ay = yr(t) — yu(t) (11)
Ay = yr — yu(®) (12)
R() = [(Ax)® + (Ay)?]? 13)

For later convenience, B(f) may be represented in either
form below:

RB@) = (AzAd + AyAyp)/R =
Vecldr — o(®)] — VaclAu(t) — o()] (14)

Now the condition a(¢;) = 0 implies that the turning time
¢, can be calculated by equating the numerator of Eq. (10)
to zero and obtaining

Az/AE = Ay/Ay (15)

Substituting Eqs. (11) and (12) and rearranging, we obtain a
trigonometric equation whose smallest positive root, if it ex-
ists, will be ¢. (The initial range Ry and the maximum
allowable Ay may not permit ¢ = 0 to be attained with
R(t;) < 0). If an acceptable ¢, results, then at that instant
(t) = 0, and the missile heading angle, missile and target
positions, LOS angle, range and range rate are calculated
from Eqs. (2, 4-6, 9, 13, and 14), respectively. These quan-
tities define the new initial conditions for the start of the
second part of the flight path, and are needed to predict the

At = ir — Eu(l)
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corresponding terminal values? at the point of closest separa-
tion in the case of unsuccessful interception.

Approximate Time-to-Turn

In the past, a convenient but sometimes invalid approxima-
tion to t; was obtained from the quotient

t, = |AHE/A | (16)

Here AHE = A,,* ~ A,* is the initial heading error of the
missile at ¢ = 0, with 4,* calculated from the law of sines
applied to the closed ideal interception triangle, i.e.,

s(Ay* — a0) = (Vo/Vy) s(Ar — o0) a7

Equation (16) contains errors due to the unrealistic assump-
tion of instantaneous 4, (implying zero turning radius),
the lack of distinction between positive and negative heading
errors despite asymmetrical target-crossing geometry (see
Fig. 1), and by the time-varying nature of the intercept
triangle itself that changes shape and location during the
turning interval ¢..

A better approximation can be developed in the following
manner: expand the trigonometric functions contained in
Eqgs. (11) and (12) in a power series about ¢ = 0, retaining
terms with powers of ¢ through second order. (First-order
approximations to the trigonometric terms lead to excessive
error in calculating the turning time. Second-order terms
permit successful treatment of at least |AHE| < 10°.) We
obtain

Ax = Ty + t8:c0 - Jt2/2 Ay = Y7, + t&yo — Ht2/2

(18)
Az = 8o + Jt + Hkt?/2 Ay = 8y — Ht 4 Jkt?/2
(19)
wherein
8ig = VicAdr — VycAy, H = Nged,, (20)
8o = VrsAr — Vysdye J = Ngsd (21)

Substitution of Eqs. (18) and (19) into Eq. (15) leads to an
equation whose solution will yield the approximate time-to-
turn,

Tr, + % — J1/2  yr, + 0y — Ht?/2
8io + Jt + Hkt2/2 &0 — Ht + Jkt?/2

(22)

Cross-multiplying Eq. (22), rearranging the resulting
quartic polynomial in order of descending powers of ¢ with
the leading coefficient positive, introducing the reciprocal
transformation ¢ = T~! and normalizing the coefficient of
T* to unity, we obtain the basic quartic equation,

T¢ 4+ BTS + CT*+ DT + E = 0 (23)

The coefficients B, . . . , E are defined by combinations of
functions of the known initial conditions involving the
geometry and kinematics, becoming signed constants when
evaluated at ¢ = 0:

B = —Nge(Ayy — 00}/ (Rodo) (24)
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o = N9’sAw — o0) _ NglVre(dr — Auo) — Vul
2V y(Bogo) 2Ry(Ro00)

(25)

D = —(Ng)*Vis(Ar — Ay)/2V yRo(RoGo)  (26)
E = (Ng)*/4V yRo(Ro65) 27)

(RoGo) = Vrs(Ar — 0o) — Vus(Ayo — 00)  (28)

As a consequence of the transformation ¢ = 77!, we now
seek the larger positive root of Eq. (23), an advantage in
numerical work.

The existence of this root (and hence the feasibility of the
interception) may be ascertained by Descartes’ Rule of
Signs* applied to Eq. (23), i.e., the number of positive real
roots of a polynomial equation never exceeds the number of
coefficient sign changes and if less, by an even number.
This yields some immediate helpful criteria. No positive
roots exist if the signs are all positive. Alternating signs
imply the roots are all positive. One sign change implies one
positive root. If F < 0, there is at least one positive root as
the quartic is an even function. (To obtain additional eri-
teria, change 7' to —7T, reapply Descartes’ Rule, and sub-
tract the number of negative roots found from four.) Hence-
forth, assume at least one positive root exists.

Equation (23) may be solved by approximating the quartic
with a quadratic equation as follows: assume it is factorable
into the product of two quadratics

(T*+ aT + B(T*+ T + ¢ =0 (29)
and by coefficient comparison with Eq. (23)

a+v=B Bv+ae=1D
(30)
B+e+ay=C Be=E

The general technique® of solving Eq. (30) assumes an «
and evaluates v, 8, and e from the first three equations, with
the last equation serving as a check on the « value assumed.
However, as a result of the transformation (¢ = T~1), R, ap-
pears as an explicit factor in the D and E coefficient denomi-
nators, rendering them relatively small in magnitude com-
pared to B and C. Hence, v and e are also small compared
with « and 8; so to a first approximation,®

a>~B B=~C v=(C — BE)/C* ¢=~E/C (31)

The corresponding quadratic equation approximating Eq.
(23) is then

T"+BT +C=0 (32)

and is readily solvable for the larger positive root t,~%. (If
v and e were not sufficiently small, second- and higher-order
approximations can be obtained through explicit, formal
iterative relations).®

The condition |B|, |C] > |D|, |E| depends on adequate
root separation. If the roots are too close, an analytic ap-
plication of the Graeffe root-squaring process* will transform
Eq. (23) into another quartic whose roots are the squares of
those of Eq. (23), thereby increasing the root separation prior
to factoring by Eq. (29). The corresponding transformed
quadratic (in terms of the original coefficients) that approxi-

Table 1 Initial conditions and results

Target position, ft Turning time, sec

Case N A, ~AHE T, Yo Eq. (32) Eq. (33)
1) Excess lead -5 55°01'36" 9°50’ 76340.03419 21307.43801 3.46 3.50
2) Deficit lead +5 34°58'23" —9°40’ 77731.08054 19916.39080 3.51 3.47
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mates Eq. (23) is
24+ (2C — B)r 4+ (C* — 2BD + 2E) = 0 (33)

and the larger positive root = is then £,7%  (If necessary the
numerical version of the Graeffe process* could be applied
repetitively to Eq. (23) until the roots are sufficiently sepa-
rated.)

Numerical Results

Two numerical examples (both with known exact solutions
t, = 3.50 sec and A ,(¢t;) = 45°) are presented. Initial condi-
tions common to both are V, = 3220'/s, V; = 2712y,
Ar = 150°. The remaining initial conditions and results
are given in Table 1.

The last tabular entry requires explanation. whereas Eq.
(32) gave t, = 3.51 sec, the presumably more accurate Eq.
(33) gave 3.47 sec. Investigation disclosed that in the case
of deficient lead, the condition () = 0 is relatively insensi-
tive to small changes in time, so that truncation and round-
off errors in computing the coefficients Eqgs. (24-28) will per-
turb the root of Eq. (33).
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In conclusion, either Eq. (32) or (33), if appropriate, may
be used to approximate the reciprocal of the minimum time-
to-turn ¢, required by a constant speed missile (with con-
strained lateral acceleration) to achieve a constant-bearing
homing course.
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